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DIFFERENTIALS ON SOME MILD SINGULARITIES 
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Abstract. We give a criterion for the sheaf of Kahler differentials on 
a cone over a smooth projective variety to be torsionfree. 

Applying this to Veronese embeddings of projective space and using 
known results about differentials on quotient singularities we show that 
even for mild, e. g. Gorenstein terminal, singularities the sheaf of Kahler 
differentials will in general have torsion and cotorsion. 



1. Introduction 

Let Z be an algebraic variety over a field /c, which we assume to be of char- 
acteristic 0. One of the few objects that come naturally with Z is its sheaf of 
Kahler differentials = ^z/k- It is the sheafified version of the module of 
Kahler differentials, which is also an important tool in commutative algebra. 
In this note we stick to the geometric language. 

The sheaf of differentials and its higher exterior powers play an important 
role in many contexts, most prominently deformation theory, vanishing the- 
orems and (if Z is sufficiently nice) duality theory. For a more local example 
one could mention Berger's conjecture that a curve is smooth if and only if 
its sheaf of differentials is torsionfree (see e.g. [Ber63, Gre82, Poh91]) or the 
Zariski-Lipman conjecture: if f]^ is locally free then Z is regular (see e.g. 
[Pla88, BLLS02]). 

In the context of the minimal model program Greb, Kebekus, Kovacs and 
Peternell proved strong extension theorems for differential forms [GKKPIO], 
but instead of the sheaf of Kahler differentials itself they used its reflexive 
hull O.z'^'^ also called module of Zariski differentials (see e.g. [Kni73]). For 
applications the following obvious question comes to mind: 

Question 1 — If Z has mild singularities, is ilz reflexive or at least torsion- 
free? 

Phrasing this slightly differently we ask if the natural map (p : ^Iz — >• ^^z^^j 
whose kernel is the torsion submodule Tors(O^), is bijective or at least in- 
jective. In the terminology of [Rei87, (1.6)] we say that il.z has cotorsion if 
(j) is not surjective.^ 
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-'^In the case of curve singularities torsion and cotorsion in 51 were extensively studied 
for example by Greuel and his collaborators in [BG80] and [GMP85]. 
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If one translates mild singularity as being a local complete intersection, 
then indeed a complete answer to Question 1 is known. 

Theorem 2 ([Kun86], Proposition 9.7, Corollary 9.8) — Let Z be a local 
complete intersection. Then Qz satisfies Serre 's condition Sd if and only if 
Z is regular in codimension d. 

In particular, if Z is a normal local complete intersection, then 0,z is 
torsionfree, and it is reflexive if and only if Z is is nonsingular in codimension 
2. 

However, in the context of modern birational geometry one usually mea- 
sures the singularities of a normal variety in terms of discrepancies, which 
give rise to the definition of terminal, canonical, log terminal and other sin- 
gularities [KM98, Section 2.3]. Even terminal singularities, the mildest class 
considered, are in general not complete intersections, so Theorem 2 does not 
apply. 

Somewhat contrary to our expectations we will show below that the an- 
swer to Question 1 is essentially negative if one interprets mild in the sense 
of birational geometry; as soon as one leaves the world of local complete 
intersections one should expect the sheaf of Kahler differentials to have both 
torsion and cotorsion. 

There are two cheap ways to produce non-lci singularities: quotients of 
finite groups and afhne cones over projective varieties. In the second case 
the algebraic description is somewhat simpler and we give a criterion for 
the existence of torsion differential in Section 2. Recall that if X C P" is 
a projective variety or scheme given by an ideal sheaf X then X is called 
projectively normal if H'^ {F"^ , Op« {d)) H^{X,Ox{d)) for ah d > or, 
equivalents, iJi(P'^,X(d)) = for all d > 0. 

Theorem 3 — Let X dF"^ he a smooth projective variety over a field k of 
characteristic zero and let X he the sheaf of ideals defining X. LetCx C A""^"*^ 
he the affine cone over X . 

If H\¥'^,l'^{d)) = for alld>0 then Qcx torsionfree. 

If in addition X is projectively normal, then ^^Cx ^■^ torsionfree if and 
only if also the first infinitesimal neighhourhood of X in is projectively 
normal.^ 

In the cone situation the study of cotorsion is more problematic but in 
Section 3 we recall results by Knighten and Steenbrink that give an easy 
sufficient criterion for cotorsion on finite quotient singularities. 

In the last section we study our main class of examples, namely Xr^d, the 
affine cone over the dth Veronese embedding of P^. We can also describe 
Xr^d as a cyclic quotient singularity. Such cones have torsion differentials if 



After the publication of the first version of this preprint J. Wahl brought to our atten- 
tion that he had aheady observed this in the projectively normal case [Wah97, Proposition 
1.4]. 
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and only if d > 3 (Proposition 8) and cotorsion as soon as d > 2 (Proposition 
10); we have collected some significant cases in Table 1'^. 

Table 1. Some Veronese cones with torsion or cotorsion in Qv, . 
singularity dim type Gorenstein torsion cotorsion 



Xi^2 (Al) 2 canonical yes no yes 

Xi^3 2 log terminal no yes yes 

X2^2 3 terminal no no yes 

X2^3 3 canonical yes yes yes 

^3^2 4 terminal yes no yes 

4 terminal no yes yes 

Xs^a 6 terminal yes yes yes 



Remark 4 — In the surface case our results are optimal in the following 
sense: let Z he a. surface singularity. If Z is terminal then it is smooth 
and thus is locally free. If Z is canonical but not terminal then it is 
one of the well-known ADE singularities, thus a hypersurface singularity; by 
Theorem 2 the sheaf of Kahler differentials Qz is torsionfree but not reflexive 
in this case. The easiest log terminal point is the cone over the twisted cubic 
Xi^3 and in this case 0,z has both torsion and cotorsion. 

Gorenstein terminal 3-fold singularities are hypersurface singularities by 
a result of Reid [Rei87, (3.2) Theorem]; hence Theorem 2 applies to show 
that the sheaf of Kahler differentials is reflexive in this case. 

It is possible that other classes of mild singularities in small dimensions 
turn out to have torsionfree or reflexive sheaf of Kahler differentials as well. 
Using structural results like Hilbert-Burch or Buchsbaum-Eisenbud, low- 
codimensional singularities might also be accessible (compare [MvSOl, Sec- 
tion 4]). 

2. Torsion differentials on cones 

In this section we give the proof of Theorem 3. Let X C P*^ be a smooth, 
irreducible, non-degenerate projective variety and let Cx be the affine cone 
over X. We denote by I the ideal sheaf of X. 

The question whether i^Cx torsion is purely algebraic, because the 
cone is affine. Denote by S" = k[xQ, . . . ,Xn] the polynomial ring with homo- 
geneous maximal ideal m = {xq, . . . ,Xn) and hy R = S/I the homogeneous 
coordinate ring of X whose homogeneous maximal ideal we denote by n. 

Note that Cx is smooth outside the vertex so we are only interested in 
the local behaviour at the vertex. In the following we will use some facts 
about local cohomology all of which can be found in [Eis05, Appendix 1] or 
in more detail in [Har67]. 



The sheaf of Kahler differentials for Jfi,2 and Xi,3 was also computed in [Kni73] but 
the examples were not widely known. 
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In the following diagram the middle column is the conormal sequence 
and the maps to the maximal ideal are given by the contraction with the 
vectorfield = I]j 2;^^- 

= I/P 

^ M ^ ns(S>R n ^ 

N ^ ^ n ^ 



By definition, the modules M and N are the respective kernels of the con- 
traction maps ^j. The fact that the composition ///^ — )• ^5 (8) i? ^ n is zero 
follows from Euler's formula: for every homogeneous element / € / we have 

Since n is torsionfree the torsion-submodule Tors(r2_R) is isomorphic to 
Tors(A^). Since Cx is smooth outside the vertex we can compute this torsion 
submodule via local cohomology 

Tors(iV) = Hl{N), 

which we now relate to sheaf cohomology on F". 

Introducing the appropriate grading we can transform the above diagram 
into a diagram of coherent sheaves on P", where the middle row is the restric- 
tion of the Euler Sequence to X and the first column becomes the conormal 
sheaf sequence for X. The map Z/Z^ Opnj^ in the latter sequence is 
injective because X is smooth. 



^ ^ ^ Ox ^ 



^ ^x ^ VtE ^ Ox ^ 
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We now use the comparison sequence for local and sheaf cohomology 
([Eis05, Cor. A1.12]) for the first column of the diagram to obtain 



(1) 



M 







r,(x/x2 



N 



H'M/n — -0 





where we already used the following Lemma. 

Lemma 5 — In the above situation we have 

(i) H^il/P) = 0, 
{ti) H^{M) = 0. 

Proof. (i) This follows from the short exact sequence — )• — >■ / — > 

///^ —7- and the fact that / and are saturated and have depth 
at least 2. 

(ii) M is a submodule of the free module Qs ^ hence torsionfree. 

□ 



Applying the same arguments as in the proof of the snake lemma to (1) 
we get an exact sequence 

(2) ^ ifO(Af) ^ Hl{I/I^) ^ Hl{M) ^ Hl{N) 

and thus have shown that Ox is torsionfree if H^{I/l'^) = 0. This latter 
group can be interpreted as follows: the local cohomology sequence for — >■ 
>•/— 7-///^ — )-0 compared with the sheaf cohomology sequence of 
J2 ^ X ^ I/I^ yields a dia gram 



(3) 



r*(x) 



r,(x/z' 
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We have thus proved the first part of Theorem 3 from the introduction which 
we repeat here for the convenience of the reader. 

Theorem 3 — Let X CT'^ be a smooth projective variety over a field k of 
characteristic and let I be the sheaf of ideals defining X. Let Cx C A"^-'^ 
be the affine cone over X . 

If H\F"-,l'j^{d)) = for alld>0 then torsionfree. 

If in addition X is projectively normal, then torsionfree if and only 

if also the first infinitesimal neighbourhood of X is projectively normal. 

Proof of the second part. By definition, projective normality of X is equiv- 
alent to H^{R) = Hl{R) = or equivalently 0^ ifi(P",X(d)) = 0. The 
exact sequence in local cohomology 

= i70(n) ^ H^iM) ^ Hiins^R) = hI{R)®^+' = 0, 

induced hyO^M^Qs^R^^^O, shows that HI{M) = 0. Together 
with (2) and (3) this vanishing implies that the composition 

Tors(O^) = ifO(iV) ^ Hl{I/I^) ^ ^H\F^,l\d)) 

d 

is an isomorphism. This establishes the desired equivalence. □ 



3. ZARISKI differentials on quotient SINGULARITIES AND 

COTORSION 

We briefly recall a result of Knighten, also discovered by Steenbrink [Ste77, 
Lem. 1.8], describing the double dual of ^x/G on finite quotient singularities 
X/G, and deduce a sufficient condition for the existence of cotorsion in the 
sheaf of Kahler differentials. 

Let A be a regular local A;-algebra and let G be a finite group acting on 
A. We denote hy tt: X = Spec A — )■ X/ G = Spec A'-' the quotient map. 

Theorem 6 ([Kni73], Theorem 3) — The natural map ^x/G^'^ ~^ {'^*^x)'~^ 
is an isomorphism. 

In concrete situations the module of invariant differentials is not hard to 
compute and and the following will turn out to be useful 

Corollary 7 — Assume that X/G has an isolated singularity. Let m be 
the maximal ideal of A'-' and e = dimytm/m^ be the embedding dimension 
of X/G. If the minimal number of generators for (Qx)'^ (considered as a 
A'^ -module) is bigger than e then ^x/G cotorsion and is not reflexive. 

Proof. By the conormal sequence the sheaf ^x/G of Kahler differentials can 
be generated by e elements and thus can never surject onto {-Kt^Vlx)^ if this 
sheaf needs more than e generators. □ 
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4. Examples: Cones over Veronese embeddings 

In this section we study cones over Veronese embeddings, including the 
examples mentioned in Table 1. The first subsection collects some general 
properties of these cones, torsion differentials are computed in Propostion 8, 
and cotorsion will be discussed in Proposition 10. 

4.1. Basic properties. Here we collect basic properties of the cones over 
the Veronese embeddings. In particular, we discuss their realisation as cyclic 
quotient singularities, and compute the discrepancies of the canonical resolu- 
tion in order to determine in which cases these cones are terminal, canonical, 
etc. For this we follow [Rei80, §1] and [DebOl, Sect. 7.2], where one can also 
find the definition of the singularities appearing in the Minimal Model Pro- 
gram. 

Let be the cyclic group of order d and let p: fi^ ^ GLr+i{k) be the 
representation given by choosing a primitive dth root of unity ^ and sending 
a generator of fid to 




€ GLr+i{k). 



Let Xr^d = / fJ-d be the resulting quotient singularity (in Reid's [Rei87, 
(4.2)] notation, this is a singularity of type ^(1, 1, ... , 1)). Since the ring 
C[xo, • • • , Xr]^'^ is generated by all monomials of total degree d in the coor- 
dinates xq, . . . , Xn, the quotient Xr^d is isomorphic to the cone Cr^d over the 
image Vr^d of the dth Veronese embedding Vd- P*^ IP" (so n = (^^'^) — 1). 
This isomorphism is induced by the map 

{xo,...,Xn)^ {..., n 4° 

aoH \-an=d 

The blow-up vr: Y^^d ~^ Xj.^d of the origin in X^^d is smooth, isomorphic to 
the total space of the line bundle Ox^ ^ ■ 

One can check (see [Rei80, p. 278]) that the index of X^^d is the denomi- 
nator of (r -|- l)/d, i.e., index(X) = g ^ d(r+i d) • particular, the canonical 
divisor Kx^^ is Q-Cartier, and X^^d is Gorenstein if and only if d divides 
r -|- 1. We next compute the discrepancy of the unique exceptional divisor 
E = Vr^d'j for simplicity we suppress the indices in the notation. Since the 
canoncial divisor is Q-Cartier we can write 

Ky ~ TT*Kx + aE 

for a rational number a. The normal bundle of E in Y is Oy( — 1) = Opr(—d). 
By adjunction, the canonical divisor of E is OEiKy+E). Hence, by restrict- 
ing to E we obtain 

r + 1 

—r — 1 = {a + 1)(— d), hence a = — 1. 
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It follows that all Veronese are log terminal, and in addition that 

Xr^d is terminal (canonical) if and only if r + 1 > d (r + 1 > d) . 

4.2. Torsion differentials. We now apply Theorem 3 to the Veronese cones. 

Proposition 8 — Let X^^d be the affine cone over Vr,d C P", the image of 
the dth Veronese embedding ofF^ (so n = (^^'^) — Ij- Then ^x^d torsion 
if and only if d >3. 

Note that by the discussion in the previous section all cones X^^d have a 
description as group quotients. So torsion differentials occur in abundance 
also on quotient singularities. 

Proof. We now fix r and d and denote by I the ideal sheaf of the image of 
the Veronese embedding V = frf(P^). To avoid confusion we denote hy H a 
hyperplane on P", so that Opn(miJ)|y = Opr(md). 

Since V is projectively normal the second part of Theorem 3 applies and 
we only have to check if there is an m such that H^{¥'^,Z'^{mH)) / 0. By 
a result of Wahl [Wah97, Theorem 2.1] we have 

H^{Zl{mH)) =d for 7717^2 

and thus we only need to consider the case m = 2. 

We will start by showing that ^x^d torsionfree if d = 2. Recall that 
there is a Gaussian map 

(4) ^o,rid) : Iy^H\r, 0^r{d)) ^ H\r, ^lr{2d)) 

symbolically given by s A t i— )■ sdt — tds, which in our case is a homomor- 
phism of SL(r + l)-representations. Wahl showed that H^{Xy{2H)) = ker $ 
[Wah97, Proposition 1.8]. 

Note that the representation on i?'^(P^, Opr(4)) is irreducible, cf. [Wah97, 
Section 2]. It follows by a straightforward computation that the map ^Orr(2) 
is non-trivial and hence surjective. A calculation similar to the ones in 
Lemma 9 below gives the equality dxm , Ov^ {2)) = /l°(P^ 0,|„.(4)). 

Consequently, ^Ovr{2) is an isomorphism. Thus 1oTs{Qxra) = ker(<I>0p^(2)) = 
{0}. This proves the "only if" part of the claim. 

For the existence of torsion-differentials in case d > 3 we give an elemen- 
tary dimension estimate that does not depend on Wahls results. 

By projective normality we have an exact sequence 

(5) ^ H^{r\l^{2H)) ^ i/°(P",Z(2i7)) ^ 

^ H^{r\l/1^{2H)) ^ H\F'',I^{2H)) ^ 0, 

and ifi(P",Z2(2iJ)) does not vanish if h°{r\I/I^{2H)) > /iO(P",X(2iJ)). 
This is the content of Lemma 9 below. □ 

Lemma 9 — In the situation above the following holds 
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(m) /iO(P",X/X2(2iJ)) - /iO(P",X(2i/)) > for aUr>l, d> 3. 

Proof. If we dentote the graded polynomial ring in r + 1 variables as S = 
®d>0 '^'i then the Veronese embedding is induced by the homomorphism of 
graded rings Sym*(5rf) — t- 5 with kernel a graded ideal /. In degree m we 
get 

^ H\l{mH)) = Im^ Sym'"(Srf) ^ S^d ^ 0, 

where surjectivity of the last map can easily be checked on monomials. The 
formula for the dimension follows from the well known formula for the di- 
mension of a symmetric product. This proves the first item. 

From the embedding = c P" we get the (twisted) normal bundle 
sequence 

I/I^{mH) npn{mH)\y n^r{md) 0. 

The global sections of ilpr^md) can be either computed via the Euler se- 
quence or read of from Bott's formula (see e.g. [Bot57]). Pulling back the 
Euler-sequence on P" with we get 

u^(Opn)(?n(i) Opr{{m - l)d) (g) Sym^(S'd) Opr{md) 0. 

The map on global sections (Si Sd ^ Smd is surjective and thus 

/i°(P",X/X2(m//)) 

>h^{r\vd{^^n){md)) - h^{r\n^r{md)) 

= (n + l)/^°(P^Opr((m - - /i°(P", Opr(md)) - /i° (P^ Opr (md) ) 
/d + r\/{m — l)d + r\ fmd + r\ ^ ^ ^^/r + md 
\ r J \ r J \ f J \ "iTT-d 

which proves (ii). 

It remains to prove (iii). Putting together the formulas from the first two 
items for m = 2, we compute 

/i°(P",X/x2(2/7)) - h^{r\X{2H)) 
To obtain (iii) it therefore suffices to show that 
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For r = 1 this formula reduces to d? — 3d + 2 > which is certainly true for 
d > 3. We now proceed by induction on r. For convenience, note that for 
r = 2 and d = 3 the expression on the left-hand side of (6) gives 20, so we 
may assume (i > 4 if r = 2. The induction step follows from the computation 
below, in which we apply the induction hypothesis twice (in steps 3 and 5) 
and use some standard identities for binomial coefficients. 




where in the last step we used d > 3, and d > 4 if r = 2. This concludes the 
induction and the proof oi {in). □ 



4.3. Cotorsion in ^x^d' ^^^^ section we compute the cotorsion of the 
cones over the Veronese embeddings using their realisations as cyclic quotient 
singularities. 

Proposition 10 — For all r >l,d>2 the sheaf Vlx^ d cotorsion. 



TORSION AND COTORSION IN THE SHEAF OF KAHLER DIFFERENTIALS 11 



Proof. By Corollary 7 we need to compare the number of generators of ^^f+i 
and the embedding dimension of Xr^d- 

Recall that the ring k[xo, . . . , Xr]^"^ is generated by all monomials of total 
degree d in the coordinates xq, . . . ,Xr and thus the embedding dimension of 
Xr^d is n = C^'^)- On the other hand, the A;[Xr^rf]-module ^^^r+i has a mini- 
mal system of homogeneous generators given by all products of monomials of 
degree r — 1 with dxo, . . . , dxr- Subtracting the embedding dimension from 
the number of these generators we obtain 

/ : ■,^fd + r-l\ (d + r\ . . d fd + r\ fd + r 
(^ + 1) , 1 - ^ =(r + l 



d — 1 J \ d J d + r \ d J \ d 

d{r + 1) - [d + r] fd+r^ 



d + r \ d 

r{d — I) f d + 



d + r \ d 
>0, 

where in the last step we use d > 2. It follows that ^x„ r cotorsion. □ 
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